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The study aims at quantifying the effect of fluid elasticity on frictional pressure drop 
for the flow of viscoelastic fluid through a helical coil. Aqueous solutions of polyacryl-
amide (PAA) in the concentration range 0.25 %–0.5 % (wt/vol.) were used as test fluids. 
The fluids were characterized using dynamic rheometer under rotational and oscillatory 
modes. The rheological study depicts that the fluids exhibit elasticity and shear thinning 
behavior. Experimental data on pressure drop for the flow of non-Newtonian viscoelastic 
fluid through a helical coil have been generated. Drag enhancement was observed for the 
fluids with significant elastic character. An existing correlation applicable over a wide 
range of Germano number (NGn) for the flow of Newtonian fluids through helical coils 
(11.7≤Dc/dt≤105.48, 8.3≤p/Dt≤66.7), proposed by Gupta et al.
22, has been extended to 
non-Newtonian viscoelastic fluids by incorporating the effect of fluid elasticity in terms 
of Weissenberg number (We). The proposed model’s uncertainty has been reported for 
95 % confidence to assess the significance of newly reported results. The observed data 
were compared with the available models in the literature statistically using mean rela-
tive quadratic error (MRQE) and arithmetic relative error (%ARE). Lower values of 
MRQE and %ARE depict the acceptability of the proposed model.
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Introduction
Helical coils are widely used in heat exchang-
ers, chemical reactors and other devices due to en-
hanced heat and mass transfer coefficients and large 
transfer area per unit volume1–5. The enhancement 
of heat and mass transfer in coils occur due to the 
existence of a secondary flow6,7. When a fluid flows 
through a curved tube, centrifugal force acts out-
ward from the centre of the curvature on the fluid 
element. There must be a pressure gradient across 
the tube required to balance the centrifugal force 
arising from the curvature. The fluid near the tube 
walls moves very slowly compared to the central 
plane due to its viscosity and hence requires a 
smaller pressure gradient to balance its centrifugal 
force. This leads to the onset of secondary flow in 
which the fluid near the central plane moves out-
ward and the fluid near the walls moves towards the 
central plane8,9. This in turn modifies the axial ve-
locity and increases the flow resistance10. This in-
crease in frictional pressure drop was observed by 
various investigators in the case of flow through 
helical coils, compared to straight tubes, in similar 
conditions11. The flow phenomenon in curved tubes 
is therefore more complex, because of the existence 
of secondary flow.
The investigations by Dean12,13 on the motion 
of fluid in a curved pipe reveal that such type of 











; however, the analysis 
 
was restricted to small values of De. For large val-
ues of Dean number, Barua9 proposed a theoretical 










Equation 1 agrees well with the experimental 
observations of White14 and Alder15 for Dean num-
ber up to 10000, but for laminar flow only (White14, 
Alder15 and Eustice16).
Many review articles are available to under-
stand the flow behavior and transfer processes in 
Newtonian and non-Newtonian fluids through heli-
cal coils. Ito10 and Berger et al.17 gave clear and 
thoughtful concepts on flow through curved pipes. 
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Naphon and Wongwises11 and Zhou and Shah18 have 
presented critical reviews on flow and heat transfer 
characteristics of Newtonian and non-Newtonian 
fluids flowing through helical coils. Vashisth et al.19 
have carried out an extensive literature review on 
applications of curved geometries for various oper-
ations involving mixing, heat- and mass transfer. 
Mishra and Gupta20 have reported pressure drop 
data for the flow of Newtonian fluids through 
curved pipes covering the wide range of 0 ≤ p/dt ≤ 
25.4 and 0.003 ≤ dt/Dc ≤ 0.15 with 60 helical coils 
and proposed an empirical correlation, expressed 
as:










Mishra and Gupta21 further extended Eq. 2 to 
non-Newtonian fluids where the Dean number is 
defined on the basis of viscosity prevailing at the 































The viscosity prevailing at the mean wall shear 
stress can be defined based on apparent consistency 
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Since neither Reynolds number nor Dean num-
ber alone can elucidate the combined effect of the 
curvature ratio (dt  /Dc) and pitch ratio (p/dt), Gupta 
et al.22, in their study, chose the Germano number 
(NGn), which explains the combined effect of the 
curvature ratio and pitch ratio, to correlate the fric-
tion factor data on Newtonian fluids flowing 
through helical coils. Extensive pressure drop data 
were generated covering a wide range of curvature 
ratio (0.0855 ≤ dt  /Dc ≤ 9.48 · 10
–3) and pitch ratio 
(8.3 ≤ p/dt ≤ 66.7) and proposed the following em-
pirical correlation:












where  NGn = Re · tn (4b) 




The effect of helix angle of coiled tube for sin-
gle as well as two-phase flow of non-Newtonian 
viscoinelastic power law fluids was studied by Ban-
daru and Chhabra23 under laminar as well as turbu-
lent flow conditions. The effect of helix angle on 
pressure drop was found to be negligible under lam-
inar flow regime. However, the pressure drop in-
creases with increase in helix angle under turbulent 
flow conditions. The following correlation based on 
modified Dean number (De’) was proposed by Ban-
daru and Chhabra23:
  (5) 
 


































Mashelkar and Devaranjan24 have incorporated 
the effect of the flow behavior index in the coeffi-
cient and exponent of modified Dean number for 
the flow of non-Newtonian inelastic fluids through 
coils for the curvature ratio, dt  /Dc < 0.1. The pro-
posed correlation is expressed as:
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Mashelkar and Devaranjan25 further extended 
their own correlation (Eq. 6), to be applicable for 
the flow of non-Newtonian viscoelastic fluids (PAA 
and PEO, 100 ≤ Cve ≤ 5000 ppm) through coils, by 
incorporating the effect of fluid elasticity in terms 
of Weissenberg number (We). The correlation was 
developed for very high values of We (40 < We < 
950), which had been defined on the basis of bound-
ary layer thickness and not the characteristic dimen-
sion of the conduit. The phenomenon of drag reduc-
tion was observed with the increase in Weissenberg 
number. The following expression was proposed to 
determine the friction factor in the case of flow of 
viscoelastic fluids through coils:
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The effect of fluid elasticity on frictional pres-
sure drop has recently been studied by Pimenta and 
Campos26. Based on their experimental data, the ex-
isting correlation of Hart et al.27 was modified. The 
authors have shown an enhancement in drag for 
non-Newtonian viscoelastic fluid (XG) over 
non-Newtonian inelastic fluid (CMC) for the same 
range of Dean number. However, the effect of fluid 
elasticity in terms of Deborah or Weissenberg num-
ber has not been incorporated in their proposed cor-
relation, expressed as:
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Table 1 represents the available correlations 
proposed by various researchers for predicting the 
frictional pressure drop in case of flow through he-
lical coils, applicable under different geometrical 
and flow conditions.
The literature cited above clearly shows that 
very limited knowledge is available for predicting 
the frictional pressure drop in the case of flow of 
viscoelastic fluids through helical coils. The avail-
able studies contradict each other in terms of drag 
enhancement or drag reduction. There is insufficient 
data in the literature on frictional pressure drop in 
the case of viscoelastic flow through helical coils, 
which requires further attention. In addition, the 
available correlations lack universal character, as 
most of these do not satisfy the boundary condition, 
i.e., fc/fs→1 as De or De
’ →0, and are applicable to 
certain geometrical or flow conditions19,22. The pres-
ent study aims to fulfill some of the above short-
comings.
Experimental
Experimental setup and procedure  
for pressure drop measurement
The helical coil, made by rolling silicon tubing 
(8.49 mm inner diameter and 11.46 mm outer diam-
eter) around a cylindrical base (200.7 mm outer di-
ameter), with curvature ratio (dt  /Dc) and pitch ratio 
(p/dt), 0.04 and 1.35, respectively, has been used in 
the present study. Based on the number of turns of 
the coil (i.e. 14), the outer diameter of the tube and 
the cylindrical coil support (200.7 mm outer diame-
ter), the equivalent length of the coil was estab-
lished at 9.75 m. The schematic diagram of the ex-
perimental setup used for the measurement of 
pressure drop across the helical coil is given in Fig. 
1. The flow through the helical coil was circulated 
from a cylindrical tank maintained at a constant air 
pressure of 1.75 kgf cm
–2 (gauge), using a pressure 
regulator, to provide a constant flow rate of test flu-
id for a particular valve opening. The pressure drop 
across the coil, for different flow rates, was mea-
sured using a U-tube manometer filled with mercu-
ry, and the volumetric flow rate was measured at 
the exit using a measuring cylinder. The experimen-
tal setup was first calibrated using a straight tube, 
and water as a test fluid. The data were found to be 
in close agreement with standard correlations28 for 
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The experimental friction factor for helical coil 
was calculated using the following expression:
  (11) 
 
where, ( )m Hg fP R gr rD = −  (11a)
The flow behavior through helical coils was 
generally governed by Dean number (De) which is 
a function of curvature ratio (dt/Dc) and can be cal-
culated using Eq. 12 for Newtonian fluids22. In the 
present study, De for the flow of non-Newtonian 
fluids is determined by replacing dynamic viscosity 
with apparent viscosity ( 1na Km g
−=  ).
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with  Dw = D + Dto (12c)
Germano number (NGn) is based on Eq. 4b. The 
shear rate encountered at the wall was determined 
using the following expression21:









For a given curvature ratio, the critical value of 
Reynolds number was determined using the follow-
ing correlation of Srinivasan et al.29:
  (14) 
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Uncertainty analysis
Describing the uncertainty in the experimental 
results offers the experimenter a rational way of 
Ta b l e  1  – Friction factor correlations commonly used in curved tubes under different flow conditions





















– Empirical correlation for Newtonian fluids for 1 < 














































– Empirical correlation for non-Newtonian fluids 
where modified Dean number is defined on basis of 






























– Experimental correlation for single as well as 
two-phase flow of non-Newtonian viscoinelastic 
fluids. Effect of helix angle was determined under 
laminar and turbulent flow conditions for  
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– Theoretical correlation for purely viscous non-
Newtonian fluids for De’ > 100, dt  /Dc < 0.1 and  
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– Empirical and theoretical correlation for power law 
viscoelastic solutions (PAA and PEO), 70 ≤ De’ ≤ 
400, 0.01 ≤ dt  /Dc ≤ 0.135 and 0.35 ≤ n ≤ 1, 40 <  
We < 950, 100 ≤ Cve ≤ 5000 ppm
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– Correlation of Hart et al.27 was modified based on 
their observed experimental data for Newtonian, 
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Theoretical correlation for Newtonian fluids
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evaluating the significance of the scatter on repeat-
ed trials30 and helps in ascertaining the propagation 
of errors from individual quantities to the derived 
variables. The uncertainty in the experimental re-
sults was determined using the methods of Moffat30, 
and Kline and McClintock31. The maximum uncer-
tainty in estimating the coil friction factor (fc), 
Reynolds number (Re) and Germano number (NGn) 
was within ±6.53 %, 0.79 % and ±1.27 %, respec-
tively. However, the uncertainties in the majority of 
the reported experimental data are much lower than 
the maximum value.
Results and discussion
Characterization of test fluids
The test fluids used in the present study include 
aqueous solutions of polyacrylamide (PAA – 0.25 %, 
0.3 %, 0.4 % and 0.5 % (wt/vol.)) having viscosity 
average molecular wt. of 8 · 106, procured from 
National Chemicals, Vadodara, India. The method 
of preparing the test fluids has been described in 
detail elsewhere32. The density of each test fluid 
was measured using specific gravity bottle, which 
was initially calibrated using mercury as a standard 
fluid. The oscillatory and steady shear rate experi-
ments were made on polyacrylamide solutions us-
ing a modular compact rheometer (MCR-102) of 
Anton Paar GmbH, Graz, Austria. A cone and plate 
geometry having cone angle 10 and diameter 50 mm 
was used with MCR102 for rheological measure-
ments. The results show that the test solutions ex-
hibit shear thinning behavior which can adequately 
be approximated by two parameter power law mod-
el that can be expressed as:
 nKt g=   (15)
The observed data were fitted to Eq. 15 over 
the range of shear rate encountered in the helical 
coil, and the model parameters evaluated using non-
linear regression technique. Further, the observed 
oscillatory data (G’, G’’ versus ω) were fitted to 




























The values of fluid relaxation time (λt), charac-
terizing the fluid elasticity, was estimated using the 
following expression:33
 




















The observed physical and rheological pro-
perties of the test fluids under study are given in 
Table 2.
Pressure drop studies for viscoelastic fluids
The observed pressure drop flow rate data for 
the flow of non-Newtonian viscoelastic fluids 
through helical coil, in the concentration range of 
0.25–0.5 % (wt/vol.), as a function of Reynolds 
number are represented in Fig. 2. The pressure drop 
per unit length (ΔP/Lc) of coil increases with in-
crease in Reynolds number (Re). However, an ap-
preciable rise in pressure drop was observed for 
higher concentrations (0.4 % and 0.5 % (wt/vol.)) 
compared to 0.25 % and 0.3 % for the same Reyn-
olds number. Fig. 3 represents the coil friction fac-
tor (fc) data as a function of Germano number (NGn). 
Ta b l e  2  – Physical and rheological properties of test fluids
Test fluid Temperature (°C) K (Pa sn) n λt (s) ρf (kg m
–3)
PAA (0.25 % wt/vol.) 17±0.01 0.152 0.575 0.826 998.85
PAA (0.3 % wt/vol.) 17±0.01 0.202 0.539 1.206 999
PAA (0.4 % wt/vol.) 17±0.01 0.359 0.476 2.431 999.7






Fig. 2 Observed pressure drop per unit length of coil (ΔP/Lc) versus Reynolds number (Re) for 




F i g .  2  – Observed pressure drop per unit length of coil (ΔP/
Lc) versus Reynolds number (Re) for non-Newtonian 
viscoelastic fluids flowing through helical coil
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For the purpose of comparison with Newtonian flu-
ids, the model proposed by Gupta et al.22 was se-
lected because it is based on NGn which takes into 
account the combined effect of various geometrical 
parameters, such as curvature ratio and pitch ratio. 
Moreover, the correlation was developed through an 
extensive parametric study (11.7 ≤ Dc/Dt ≤ 105.48 
and 8.3 ≤ p/Dt ≤ 66.7) and is applicable over a wide 
range of NGn. The model predicted data (Eq. 4) for 
Newtonian fluids are also represented in Fig. 3 
along with the present experimental data. The phe-
nomenon of drag enhancement was observed for the 
flow of viscoelastic fluids through helical coil com-
pared to that of Newtonian fluids. The ratio of the 
experimental friction factor in the coil to that in the 
straight tube (fc/fs) for viscoelastic fluids (PAA 
0.25–0.5 % (wt/vol.)) along with the model predict-
ed data (Eq. 4) for Newtonian fluid (water) against 
NGn, is represented in Fig. 4, which depicts the dom-
inance of elastic effects over viscous effects at crit-
ical value of NGn. There seems to be a critical value 
of Germano number (NGn ~ 0.002) beyond which a 
sharp increase in friction factor has been observed 
for the concentrations under study. The increased 
frictional resistance may be attributed to extension-
al stresses, which develop as a result of chain elon-
gation. This shows the dominance of elastic effects 
over viscous effects, resulting in the stretching flow. 
These elastic effects need to be incorporated in the 
existing model for Newtonian fluids, in terms of 
Weissenberg number (We). The Weissenberg num-
ber, defined as the product of characteristic time of 
material and the characteristic rate of deformation, 
was introduced by White34 (cited by Dealy35), which 
has also been expressed in the open literature as the 
ratio of fluid characteristic time to the process char-
acteristic time36,37 is given below:








where λt is the fluid relaxation time representing the 
fluid elasticity; U is the superficial velocity; dt is the 
inner tube diameter.
Generation of empirical correlation  
for viscoelastic fluids
Based on the discussion in previous section, 
the following empirical model is proposed for the 
flow of viscoelastic fluids through helical coils:
  (19) 
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In the present study, the observed NGn is ≤ 70. 
The friction factor ratio for coils to that of straight 
tubes for the Newtonian fluids (fc/fs)n is expressed 
by Eq. 4, proposed by Gupta et al.22 The proposed 
correlation (Eq. 19) follows the boundary condi-
tions (fc/fs)ve→(fc/fs)n when We→0 and fc→fs for 
NGn→0 and, simultaneously takes into account the 
combined effect of curvature ratio and pitch ratio. 
Fig. 5 represents the functional relationship between 
drag enhancement [((fc/fs)ve/(fc/fs)n)–1] and Weissen-
berg number. Using nonlinear regression technique, 
the values of model constants (a, b) were deter-
mined as 0.23 and 0.43, respectively, with regres-
sion coefficient of 0.95. The proposed model’s un-
certainty has been reported for 95 % confidence30 to 
assess the significance of newly reported results. 
Table 3 represents the results obtained using nonlin-
ear regression technique. The proposed model (Eq. 
19) has been evaluated for the fluids with signifi-
cant elastic character (0.826 ≤ λt ≤ 4.707) and Weis-
senberg number, We < 87. To validate the proposed 
model further, a residual plot has been constructed 
and is represented in Fig. 6. The residual values are 
F i g .  4  – Friction factor ratio (fc/fs) versus NGn  for Newtonian 
and non-Newtonian viscoelastic fluids flowing 
through helical coil
F i g .  3  – Observed friction factor in coil, fc versus NGn for 
Newtonian and non-Newtonian viscoelastic fluids 
flowing through helical coil
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distributed randomly above and below the zero line, 
which depicts the acceptability of the proposed 
model, Eq. 19. Fig. 7 represents the parity between 
the observed friction factor ratio ((fc/fs)exp) and the 
model predicted values ((fc/fs)cal) (Eq. 19). It was ob-
served that the model predicts the data well, to 
within a reasonable accuracy of ±15 % of the parity.
Comparison with other models
The observed pressure drop data for the flow of 
non-Newtonian viscoelasic fluids was compared 
with the models of Bandaru and Chhabra23, 
Mashelkar and Devaranjan25 and Pimenta and Cam-
pos26. The model of Mashelkar and Devaranjan25 
was selected for comparison, as the authors have 
incorporated in their model the effect of fluid elas-
ticity in terms of We. Further, the models of Banda-
ru and Chhabra23 and Pimenta and Campos26 follow 
the boundary condition fc→fs as the Dean number 
approaches zero and are applicable over a wide 
range of Dean numbers. The data were compared 
statistically using mean relative quadratic error 
(MRQE) and arithmetic relative error (%ARE) ex-
pressed in equation 20 and 21, respectively. Lower 
































The obtained values of MRQE and %ARE are 
given in Table 4. Higher values of MRQE for the 
models used for comparison may be because of the 
following reasons:
i) The model of Bandaru and Chhabra23 was 
valid only for the flow of Newtonian and vis-
coinelastic fluids.
ii) Though the model of Mashelkar and Deva-
ranjan25 has incorporated the effect of fluid elastici-
ty, the empirical correlation clearly depicts drag re-
duction. Further, the phenomenon of drag reduction 
or enhancement could be dependent on molecular 
weight of the polymers, which has not been speci-
Ta b l e  3  – Uncertainty analysis for the proposed model
Average of ((fc/fs)ve/(fc/fs)n)–1 df SE Critical t CI a b R
2
















F i g .  5  – Functional relationship between ((fc/fs)ve/(fc/fs)n)–1 
and We






Fig. 7 Parity between the observed friction factor ratio, ((fc/fs)exp) and the model predicted values, 











F i g .  7  – Parity between the observed friction factor ratio, 
((fc/fs)exp) and the model predicted values, ((fc/fs)cal) (Eq. 19)
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fied by the authors. Further, the Weissenberg num-
ber has been defined on the basis of boundary layer 
thickness and not the characteristic dimension of 
the conduit.
iii) The effect of fluid elasticity has not been 
effectively incorporated in the model proposed by 
Pimenta and Campose26.
Lower values of MRQE and %ARE for the pro-
posed model against the models of Bandaru and 
Chhabra23, Mashelkar and Devaranjan25 and Pimenta 
and Campos26 suggests the acceptability of Eq. 19.
Conclusions
An extensive set of experimental data on visco-
elastic fluids (aqueous solutions of polyacrylamide) 
flowing through helical coil have been generated. 
Based on the observed experimental data, it is con-
cluded that there seems to be a critical value of Ger-
mano number (NGn ~ 0.002) beyond which a sharp 
increase in friction factor has been observed. The 
increased frictional resistance may be attributed to 
the enhanced normal stresses, which develop as a 
result of chain elongation, and shows the domi-
nance of elastic effects over viscous effects. An ex-
isting correlation of Gupta et al.22, applicable for the 
flow of Newtonian fluids through helical coils, has 
been extended for the flow of viscoelastic fluids 
through helical coils by incorporating the effect of 
fluid elasticity in terms of Weissenberg number 
(We). The proposed correlation predicts the data 
well to within a reasonable accuracy of ±15 % of 
the parity. Based on a detailed statistical analysis in 
terms of MRQE and %ARE, it is concluded that the 
frictional pressure drop for the flow of Newtonian 
and non-Newtonian viscoelastic fluids through heli-
cal coils can safely be predicted using the proposed 
correlation for NGn ≤ 70, expressed as:
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A b b r e v i a t i o n s
C  – Fluid concentration, ppm
CI – Confidence interval
CMC – Carboxy methyl cellulose
D  – Diameter of cylindrical coil support, m
Dc – Coil diameter, m, Eq. 12b
dt – Inside tube diameter, m
Dto  – Outside diameter of tube, m
df  – Degrees of freedom
fc  – Friction factor for coil, Eq. 11
fexp  – Experimental friction factor for coil, Eq. 11
fcal  – Calculated friction factor
fs  – Friction factor for straight tube
g  – Acceleration due to gravity, m s–2
G’  – Storage modulus, Pa
G’’  – Loss modulus, Pa
K  – Flow consistency index, Pa sn
K’  – Apparent flow consistency index, Pa sn, Eq. 3d
Lc  – Equivalent length of coil, m,  
       2 2 0.5( ( ( )) )c toL N D D Dp= + +
m’  – Apparent power law consistency coefficient,  
 Pa sn’
n  – Flow behavior index
N  – Number of turns
p  – Coil pitch, m
PAA – Polyacrylamide
PEO – Polyethylene oxide
Rc  – Radius of curvature of coil, m
Rm  – Manometer reading, m of Hg
SE  – Standard error
U  – Superficial velocity, m s–1
V  – Average velocity, m s–1
XG  – Xanthan gum
∆P  – Pressure drop across the coil, Pa
D i m e n s i o n l e s s  n u m b e r s
dt  /Dc – Coil curvature ratio
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Ta b l e  4  – Statistical comparison
Test fluid
Present model, Eq. 19 Bandaru and Chhabra23 Mashelkar and Devaranjan25 Pimenta and campos
26
MRQE %ARE MRQE %ARE MRQE %ARE MRQE %ARE
Viscoelastic fluids 
[PAA: 0.25–0.5 % (wt/vol.)] 0.0873 6.98 0.5739 56.33 0.7909 78.58 0.5984 58.66
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N   – Modified Dean number based on viscosity pre- 
 vailing at the mean wall shear stress, Eq. 3a
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Re2  – Reynolds number based on viscosity prevail- 
 ing at the mean wall shear stress, Eq. 3b
















Recrit  – Critical Reynolds number for coil, Eq. 14






S u b s c r i p t s
cal  – Calculated
exp  – Experimental
n  – Newtonian fluid
ve  – Viscoelastic fluid
G r e e k  l e t t e r s
ηi  – Dynamic viscosity for the i
th element in the Max- 
 well model
.
g   – Wall shear rate, s–1, Eq. 13
λi  – Fluid relaxation time for the i
th element in the 
 Maxwell model, s
λt  – Fluid relaxation time, s
μ  – Viscosity of Newtonian fluid, Pa s
µa  – Apparent viscosity for non-Newtonian fluids, Pa s
μ2  – Viscosity prevailing at mean wall shear stress,  
 Pa s, Eq. 3c
ω  – Angular frequency, rad s–1
ρHg  – Density of manometer fluid, mercury, kg m
–3
ρ, ρf  – Density of test fluid, kg m
–3
t  – Shear stress, Pa
tn  – Coil torsion, Eq. 4c
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